BACKWARD UNIQUENESS AND THE EXISTENCE OF THE SPECTRAL LIMIT FOR 

SOME PARABOLIC SPDES 
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ABSTRACT. The aim of this article is to study the asymptotic behaviour for large times of solutions to a 
certain class of stochastic partial differential equations of parabolic type. In particular, we will prove the 
backward uniqueness result and the existence of the spectral limit for abstract SPDEs and then show how 
these results can be applied to some concrete linear and nonlinear SPDEs. For example, we will consider 
linear parabolic SPDEs with gradient noise and stochastic NSEs with multiplicative noise. Our results 
generalize the results proved in [ 1 1 1 for deterministic PDEs. 



Contents 

1 . Introduction and formulation of the main results 

2. Proof of the Theorems ll.2l andl l.5l on the backward uniqueness for SPDEs 

3. Proof of Theorem 1 1.71 on the existence of a spectral limit 

4. Applications and Examples 

4.1. Backward Uniqueness for Linear SPDEs. 

4.2. Backward Uniqueness for SPDEs with a quadratic nonlinearity 

4.3. Existence of the spectral limit. 
Appendix A. Some useful known results 
References 



1 

5 
21 
25 
25 
27 
28 
28 
30 



1. Introduction and formulation of the main results 

The question of uniqueness of solutions to both deterministic and stochastic, both ordinary and par- 
tial, differential equations, is quite fairly well understood. There are plenty of positive results and there 
are some counterexample. This area is too vast to make any attempt of listed relevant papers. The 
question of backward uniqueness is equivalent to classical (i.e. forward) uniqueness in the case of ordi- 
nary differential equations. In the case of stochastic differential equations the backward uniqueness is 
closely related to the question of existence of a stochastic flow. In fact, the latter implies the former and 
the latter has been extensively studied since the pioneering works by Blagovescenski and Freidlin [H. 
However, parabolic equations can only be solved forward and the backward uniqueness is completely 
unrelated to the forward uniqueness. To our knowledge, first results on backward uniqueness are due 
to Lees and Protter lfT4l and Mizohata [17]. This has been followed by a long series of papers, often 
using very different approaches, see e.g. Ghidaglia ifTTl and Escauriaza et al [0. Primary applications 
of backward uniqueness is the study of long time behaviour of the solutions but there are also natural 
applications to control theory, see e.g. ifToll . As in the case of PDEs also in the case of stochastic PDEs, 
the existence of a flow does not implies backward uniqueness. Furthermore, there are only few known 
examples of SPDEs which have flows, see e.g. 0, 0, lfl8l and references therein. Hence the question 
of backward uniqueness for SPDEs of parabolic type is even more important that the similar question 
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for deterministic parabolic PDEs. Possible applications are paramount, let us just mention the most ob- 
vious: long time behaviour of solutions and control theory. The backward uniqueness we prove should 
be applicable to study regularity of the local spectral manifolds constructed in Flandoli-Schaumloffell, 
c.f. Ruelle El, Foias-Saut tM and @. 

To the best of our knowledge our paper is the first one in which such an important question is being 
investigated. As mentioned in the abstract, in our paper we generalize the results proved in lITTI for 
deterministic PDEs. One of the difficulties with extending the results from ifTTTl to the stochastic case 
is that the standard Ito formula is not directly applicable to the case considered in this article. We use 
certain approximations to overcome this problem. 

Let us now briefly present construction of the paper. At the end of this Introduction we will present 
notation, assumptions and the main results. In section 2 we state the proof of the Theorem about 
backward uniqueness of SPDEs. The argument is based on stochastic version of logarithmic convexity 
approach. The proof is separated in the series of Lemmas for convenience of the reader. Proof of the 
Lemma l2~31 can be omitted in the first reading. Section 3 contains proof of the Theorem about existence 
of spectral limit. The main difference of the proof comparing to backward uniqueness Theorem is that 
we use comparison Theorem for one dimensional diffusions to derive main a priori estimate. In section 
4 we present examples of application of our result. It includes quite wide class of linear SPDEs and one 
example of application to 2D NSE with multiplicative noise of special form. In appendix we collect 
some auxiliary results applied in the proofs. 

Assume that J 7 , {^}^>o, IP) is a complete filtered probability space and (wt)t>o is an M n -valued 
F-Wiener process, where F = {J^}j>o- We assume that 

(1.1) V C H = H' C V 

is a Gelfand triple of Hilbert spaces. The norm in V, respectively H , will be denoted by 1 1 • 1 1 , respectively 
by | • |. The scalar product in H (resp. V) will be denoted by (•, -)h (resp. (•, -)y) and the duality pairing 
between V' and V will be denoted by < •, • >y v We will omit the indexes where no uncertainty 
appears. The Banach space of trace class operators in H will be denoted T\(H). 

We assume that A(t), t £ [0, oo) is a family of bounded linear operators from V to V such that the 
sets D(A(t)) =: D(A), t 6 [0, oo) are independent of time and {Bk(t))^ =l , t S [0, oo) is a family of 
bounded linear operators both from V to H and from H to V . Let us set 

(1.2) A(t)=A(t)-^J2 B k( t T B k(t),t^l0,T]. 

k 

We will assume that the sets D(A(t)) =: D(A), t € [0, oo) are independent of time. Here A : D(A) — > 
H is selfadjoint strictly positive operator defined by 

(Au, v)h '■= (u,v)v,u,v e V. 

Then, see fl31 . p. 9-10, V = D{A 1 / 2 ) and there exists an orthonormal basis {ej}j>i C D{A) of 
eigenvectors of A in H. For iV G N let P/y : H — > H be the orthogonal projection onto the space 
Hn = lin{ei , • • • , e^v} and let Qn = I —Pn- We can notice that Pn ■ V i— > V and | \Pn | |£(v,V) ^ !• 
Denote P' N : V' —> V' adjoint operator to Pn w.r.t. duality between V and V . Define a linear operator 

An = P' N AP N . 

We assume that a map 

F : [0, T] x V -»> V 

is such that it maps [0, T\ x D(A) to H. 

If X is a separable Hilbert space then by Ai p (0, T; X), p > 1, we will understand the space of all 
progressively measurable stochastic processes £ : [0, T] x Q, — ► X, or rather their equivalence classes, 
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such that 

T 

E [ \e(s)\ p x ds < x. 



*-/ m\ p x 





Definition 1.1. A progressively measurable H -valued stochastic process u(t), t > is a solution of the 
problem 



(1.3) 



du(t) + (A(t)u(t) + F(t, u(t))) + B k {t)u{t) dw k {t) = 0, t > 

fc=i 

k u(0) = ti 

j/anJ onfy if for each T > u G X 2 (0, T; V) D L 2 (ft, C([0, T], #)) arad/or any t G [0, oo), the 
equality 



* n * 



(1.4) u{t) = n - J (A(s)u(s) ds + F(s, «(«))) ds -^T J B k (s)u{s) dw{s) 

fc=1 

jj satisfied F-a.s.. 

The following assumptions will be used throughout the paper. 

(ACO) The maps A : [0,T] -» £(V, V 7 ) and B k : [0, T] -> £{V,H), k = 1, ■ • • ,n are strongly 
measurable and bounded, i.e. for each the functions [0, T] 9 1 1— > A(i)u G V' and [0, T] 9 i 1— > 

B fc (*)u £ H, k = 1, ■ ■ ■ , n are measurable and bounded. 

(AC1) There exists a map I' : [0,T] -» £(V, V') such that for all G V and ^ G V, (A' (■)(/>, i/j) G 
L 1 (0, T) and, in the weak sense, 

(1.5) Jt^^ = 

(AC2) There exists constants a > and A G R such that for all t G [0, T], 

n 

(1.6) 2(A(>,u) + X\u\ 2 > a\\u\\ 2 +^T\B k (-)u\ 2 , ueV. 

k=i 

(AC3) There exists a function 4> G L°°(0, T) such that 



(1.7) £|<u,B fc (»| <<H>| 2 , far all te [0,T], « € V. 
fc=i 

(AC4) There exist functions K x G L 2 (0, T) and iv~ 2 G L^O, T) such that K 2 > and 

n 

(1.8) C(t) = ^B fc (t)*[i(t),B fc (t)] < tfi(t)I+tf 2 (t)A(t), for all t G [0,T], 



k=l 



where I is the identity operator. 
(AC5) There exists constants L±, L 2 > such that 

(1.9) J2\\B k (-)x\\ < L 1 \A(-)x\+ L 2 \x\, for alH G [0,T], s G D(A). 

k 

(AC6) There exist constants j3, 7 > such that for every t G [0, T] we have 

(1.10) K^O,z}| < /?||x|| 2 + 7 |x| 2 ,x G V. 
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(AC7) There exist functions C\ G L 2 (0, T), k = 1, . . . , n such that 

(1.11) \(Ax,B k (t)x)\ < Ci(t)\(Ax,x)\, for x G V and a.a. te[0,T]. 

Theorem 1.2. Le/ ujiw tfzaf maps A : [0,T] -> F' ) and : [0,T] -» C(V,H), k = 
1, . . . , n satisfy the assumptions (AC0)-(AC6). 

Assume that uq G iT a«<i f/za? a process u satisfies the following conditions. There exist constants 
5q > awe/ ft > 2 + ^ swc/i f/ia? 

(1.12) u G L 2+5o (^C([0,T],F)), 

(1.13) u G M 2 (0,T;D(A)). 

There exists a progressively measurable process n such that 



T 

,2/ 



k f n 2 (s) ds 

(1.14) Ee o < oo, 

(1.15) \F(t,u(t))\ < n(t)\\u(t)\\, for a.a. t & [0,T]. 

Assume that u is a solution of problem (I1.3I ). If u(T) = F-a.s., then u(t) = 0, P-a.s. for all 
t€[0,T\. 



Remark 1.3. It is well known that under some appropriate assumptions on F the problem (11.31 ) has a 
unique solution see e.g. Theorem 1.4, p. 140 in ll20l for the case F = 0. 



Remark 1.4. The Assumption (11.141 ) is satisfied if, e.g. n G L 2 (0, T) is a deterministic function. 

The Theorem 11.21 is well adjusted for linear parabolic SPDE or if nonlinearity has no more than 
"linear" growth (see section @]for examples). Indeed, in this case n from the assumptions (1 1 . 14b — (1 1.15b 
is deterministic function. The following Theorem is more suited to deal with parabolic SPDE with 
quadratic nonlinearity such as stochastic NSE. This improvement is achieved at the "price" of more 
stringent assumptions on the type of noise we consider. 

Theorem 1.5. Let us assume that maps A : [0,T] -> C(V, V) and B k : [0, T] -> C(V,H), k = 
1, . . . , n satisfy the assumptions (AC0)-(AC7). Furthermore, assumption (AC4) is satisfied with K\ = 0. 

Assume that uq G H and that a process u satisfies the following conditions. There exist a constant 
5o > such that 

(1.16) u G L 2+5o (Q,C{0,T;V)), 

(1.17) u G M 2 (0,T;D(A)). 

There exists a progressively measurable process n such that 

T 

(1.18) J n 2 (s) ds < oo a.a. , 

o 

(1.19) \F(t,u(t))\ < n(t)\\u(t)\\, forcLO. t G [0,T\. 

Assume that u is a solution of problem d 1.3ft - If u(T) = P-a.s., then u(t) = 0, P-a.s. for all 

te[0,T}. 

Corollary 1.6. Under the assumptions of Theorem \1.2\ or Theorem 17.51 either u(t) = 0, P-a.s. for all 
t G [0,T] or \u(t)\ > 0, P-a.s. for all t G [0,T]. 

We will use in the following Theorem the same notation as in Theorem 1 1.5 1 
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Theorem 1.7. Let us assume that maps A : [0, oo) — > C(V, V) and B k : [0, oo) — > C(V, H), k = 
1, . . . , n satisfy the assumptions (AC0)-(AC7) on any finite interval. Furthermore, we assume that the 
assumptions (AC1), (AC3), (AC4) and (AC7) are satisfied globally on [0, oo) and assumption (AC4) is 
satisfied with parameter K\ = 0. 

Suppose that u is a unique solution of problem (11.31 ) with u(0) 7^ 0. We also assume that 
there exist a progressively measurable process n and a measurable set Q' C f2, P(f2') = 1 such that for 
all lu G ST, n(-,u) G L 2 (Tq, 00) and 

(1.20) \F(t,u(t))\ < n(t)\\u(t)\\, fora.a. t€ [T ,oo). 
Assume that 

(1.21) ueMl c (0,oo;D(A)), 

(1.22) VT>0 E sup \\u(t)\\ 2+s ° < 00. 

0<t<T 

Then there exists a measurable map A 00 : f2 — > o~(A) such that F-a.s.. 

lim (Mt),u(t)) = Aoo 

t^oo \u(t)\ 2 

2. Proof of the Theorems II .21 and I1.5I on the backward uniqueness for SPDEs 

Proof of Theorem [772] We will argue by contradiction. Suppose that the assertion of the Theorem is not 
true. Then, because the process u is adapted, we will be able to find to € [0, T), an event R £ ^ and 
a constant c > such that F(R) > and 

(2.1) \u(t ,u)\ > c> 0, uj G R. 

Without loss of generality we can assume that P(R) = 1 and to = 0. Otherwise, we can consider 



instead of measure P the conditional measure P# := 



nR) 



Pk( s ) = i.,,„M2 , x ' s G l°' T J 



Suppose that there exists a constant c > and a probability measurdj Q equivalent to P such that 

E Q |u(t)| 2 > c, for all t £ [0,T]. 

Then, by taking t = T, we infer that Eq|u(T)[ 2 > what is a clear contradiction with the assumption 
that u(T) = 0, P-a.s.. 

Now we shall prove that such a measure exists. 

For this let us fix d > 0, k = 1, • • • , n and let us define progressively measurable processes 

( u(s),B k u(s) ) 
\u(s)\ 2 + 5 

Because of the assumption (U~7T ). \p s k \ < <j) and since <j) G L°°(0, T) C L 2 (0,T) we infer that p 5 k G 
M(0, T; R). Therefore, a process 

n * 

^ / p£,( S )du; s fc , tG[0,T], 

is square integrable R-valued martingale which satisfies condition 5.7 from |[T2l Theorem 5.3 p. 142]. 
Hence the process Ms = (M ( 5(t)) tg [ 0j T] defined by 

t t 

(2.2) M (5 (t) = exp(-2^ J p{{s) dw k (s) - 2 j ^ \p{(s)\ 2 ds), t G [0,T], 



^Here and below by Eq we will denote the mathematical expectation w.r.t. the measure Q. 
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satisfies EM s (t) = 1 for all t > and 

(2.3) dM s (t) = -2M 5 {t) Y ^\f kU ] dw k (t), t e [0,T\. 

k 1 1 

Therefore, Ma is a continuous square integrable martingale. The above allows us to define a proba- 
bility measureQ Q s by 

= M S (T). 

Next let us fix e > and define a process ^ by 

(2.4) ^(t) = _I Me (t)log(|n(t)| 2 + e ), t€[0,T]. 
Now we will prove the following result. 

Lemma 2.1. The process ip e defined in (12.41) is an ltd process. 



Proof of Lemma |Z71 First, by invoking Theorem 1.2 from Pardoux [20], we will show that 
log (|u(t)| 2 + e) is an Ito process. For this we need to check that the assumptions of that result for 
the function R : H 3 x i— > log(|x| 2 + e) € R and the process u are satisfied. Obviously the function R 
is of C 2 -class and since 

R'(x)h = 2 ^ ,h) , x^etf, 
xr + £ 



\xr + e \xr + e 



the 1 st and 2 nd derivatives of R are bounded and hence the assumptions (i) and (ii) of [20, Theorem 1.2] 
are satisfied. Since the embedding V H is continuous, we infer that the assumptions (iv) and (v) of 
ll20l Theorem 1.2] are satisfied as well. Moreover, for any Q G T\(H), we have 

Tr{QoR"{x)) = —?—{TrQ- 2{Q ^ x) ), xeH 

\X\ A + £ \X\ Z + £ 

and hence the map H 3 x 1— > Tr{Q o R"){x) G R is continuous. Thus also the condition (iii) in [20, 
Theorem 1.4] is satisfied. Therefore, log (|«(i)| 2 +s),t> 0, is an Ito process and 

-4io g (K s) | 2 + e)) = jz { Wrr dwk ^ 
1 k=i |n| +£ 

n 

(2 - 5) + {l^j^TW + WTW 2 ) d 

k=l 

Secondly, since M £ (t), t > 0, is a continuous square integrable martingale satisfying equality (12.31) . the 
process ip £ (t) = -\M £ (t) log (\u(t)\ 2 +e),t€ [0, T], is an Ito process and 

d^ £ {t) = -|(log(|n| 2 + £)dM £ {t) + M £ d\og{\u\ 2 + e) 
(2.6) + d(M £ ,\og(\u\ 2 + £)) t ). 

This completes the proof the Lemma. □ 



2 Note that the measure Q° is also well defined by this formula. 
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Let us define functions A e and by 

n 

(2 " 7) A ^ = waTT! + Z^7u7^T7W' uGy ' 



(2.8) Af(i,u) = A e (u) + ^ +' e ^ ,t£[0,T\,u£V,e> 0- 

We will omit index e if e = 0. 

Combining equalities (12.3b . (12.51 ) and (12.61 ) we infer that 

(2.9) ^ £ (s) = M £ {s) (Af (a, u(s)) ds + ^ ^'f fc ^ du; fc (s) 

fc=l ' U ' + £ 



,i n 12 , \f (u,B k u)dw k {s) -A (u,B k u) 2 \ 
+ log(|u| +e)^ 



fe=l 



- (M 2 + e) s 



< oo. 



It follows from assumption (11.71) that the integrands in the stochastic integrals in (12.91 ) belong to 
M 2 (0,T;R). Therefore, we can apply mathematical expectation to (12.91 ) and consequently, by As- 
sumption (11.71 ) we infer that for all t <G [0, T], 

t 

(2.10) iEM £ (0)log(|n(0)| 2 +e)-^EM e (t)log(|n(t)| 2 + e) < Ci+C7 2 J EM e (s)If (s, u(s)) ds. 

o 

Suppose now that the following result is true. 
Lemma 2.2. In the above framework we have 

T T 

sup / EM £ (s)Af(s, u(s)) ds = sup / EQeAf (s,u(s)) ds 

e>0 J e>0 J 



Then, in conjunction with (12.101 ) and (1A.1I) we have that 

E Q£ log(|n(t)| 2 +e) > E Qe log(|n(0)| 2 + e) -K 

= Elog ([u(0)j 2 + e) — K, i 6 [0, T], 

where K = 2C\ + 2C2 sup J" EqeA^(s, «(s)) ds. Hence by the Jensen inequality 

£>0 

(2.11) K Q .(\u(t)\ 2 + e) = EQ,e lo s(l M «l 2+£ ) > e ^ log(|n(t)| 2 + £ ) > e Elog(|n(0)| 2 + £ )-^_ 
Therefore, by the Fatou Lemma and (I2.ll ). we infer that 

(2.12) liminf e ^(H°)\ 2 +s)-K > e Eiog(| u (o)P)-K > Q _ 

e^0 

Combining (12.111 ) and (IA.1I ) we get 

(2.13) e + E[M e (t)|u(t)| 2 ] =E Q£ (|n(t)| 2 + e) > e Elog CI^Co)| 2 )-^ > q 
Choose e = I e Elog (l u (°)l 2 ^^. Since u is an F-adapted process we get by (IA.1I) and (12.131) 

(2.14) E Q£ |u(t)| 2 = E[M £ {t)\u{t)\ 2 } > I e Eiog(|«(0)| 2 )-^ > Qj 

what contradicts our assumption that u(t) = and the Theorem follows. □ 
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Hence, it only remains to prove Lemma l2~2l The proof of Lemma l2~2l will be preceded by the follow- 
ing auxiliary results: 

Lemma 2.3. In the above framework there exists set 0,' C f2, P(f2') = 1 and sequence {-/Vj}^ such 
that for all w £ !!' , t £ [0, T], as I — > oo, the following holds 

t 

(2-15) / M e {s) U . 1 ds ^ ^ 



o 



t 



Yl \\Qi B ku 



|2 



(2.16) / Mefg) *- 1 , , (is -> 0, 

o 

, 9 17 , < (ijy, -i)n(t),^) > 

1 j Ki)| 2 +e ' 

(2-18) / M e {s) f <{AN '- A) ^ BkU{s)> d W k (s) 0. 

Proof of Lemma |2J] It is enough to prove that for each of convergences (I2.15I )- (I2.18I > we can find C 
f2, i = 1, ... ,4 of measure 1 such that the corresponding convergence holds. Denote vn = Pnv, 
v € H. Then, for t £ [0, T], the following inequalities holds 
(2-19) 

i _ T _ SUp M £ (s) T 

/ M £ (s) lv j n '- 1 ds < / M £ (s) lv , |? f 1 ds < / \(A N - A)u\ 2 ds, 



and 



ur + £ / ur + e 



_Z _Z _t 

y \(A N - A)u\ 2 ds < ( J \P^A(P N u - u)\ 2 ds + y |(P^ -I)iu| 2 ds 



(2.20) < (jP/yu - u\ 2 L2{ ^ T , D[A)) + |<9iviw|i2 (0iT . H) ) • 

Since M e is a square integrable martingale, then by Doob inequality there exist a set Oi C £1 of measure 

1 such that sup M £ {s,uj) < oo, lo € Oi. Moreover by Assumption (11.131 ) there exist ^ C f! of 

se[0,T] 
measure 1 such that 

(2.21) u(-,u) G L 2 (0,T;D(A)), to € 2 . 

Therefore, if lo € Q[ = Q\ D then by the Lebesgue Dominated Convergence Theorem, 

2 sup M £ (s,lo) 

(2.22) ' g[ °' T] £ (\P N u(u>) ~ u{uj)\ 2 l2{ ^ t . d{A)) + |QAr^(w)ll2 (0) T;i3-)) ~» °, N ~* °°- 

Consequently, by inequalities ( 12. 191 ) and (12.201 ) we infer that 

t 

(2.23) / Mgfs) ^ -» 0,iV -» oo,w G fii n0 2 ,< G [0,21. 

7 M + £ 

o 

This concludes the proof of (12.151) . 
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Similarly to ( 12.191 ) we get 

* E\\QNB k u\\ 2 sup M £ (s,u) T n 

(2.24) / M e (s) * ds < ^ / £ HQ^Bfcufds. 

1/ W + £ £ Jit 

fc=1 

If w G 2 then by assumptions ([L91 and (12.211 ) that B k u(uj) G L 2 (0, T; V), = 1, . . . , re. Hence, by 
the Lebesgue Dominated Convergence Theorem for uj G S7i n 

sup M £ (s,w) t n 

(2.25) f \\Q N B k u\\ 2 ds -> 0, as iV -> 00. 

Therefore, by combining (12.241) and (12.251 ). we infer that 

* E\\QNB k u\\ 2 

(2.26) / MJs) k , ds -> } JV -> 00, G Qi nfi 2 ,< G [0,21. 

7 |re|^ + £ 



This proves rf27T6l> with = Q! x . 

From Assumption (11.121 ) by the Lebesgue Dominated Convergence Theorem and Dini's Theorem we 
infer that 

(2.27) E sup \\u m {s) - u(s)\\\+ So -> 0,m -> 00 

se[o,T] 

Therefore, by Chebyshev inequality, sup [|it m (s) — u(s)||y +<5 ° converges to as ret — > 00 in proba- 

se[o,T] 

bility. Consequently, there exist sequence {m k ] k ^L 1 and set C fi, P(fia) = 1 such that 

(2.28) sup I \u mk (s, (J) — u(s, u)\ \y — > 0, k — > 00, u; G ^3. 

se[o,T] 

Now we shall prove that (12.171 ) holds with the subsequence {rei/}^ defined above and uj G SI3. The 
following sequence of inequalities holds for v G V, t G [0, T] 

(2.29) <(^)-^^>l < I (| < A(t)fW> , m > _ < A{t)Vj v > 

\V\ Z + £ £ V 

< - (l < A(t)v m ,v m > - < A(t)v m ,v > I + I < A(t)v m ,v > - < A(t)v,v > 
< - (l < A(t)v m ,v m -v > I + I < A(t)(v m -v),v > |) 
. \A(t)\c(v,v>) f w 2\A(t)\ c{vyi) 

< (IKilMKi -V\\v + \\v\\v\\v m ~ v\\ V ) < IMMKi ~ V\\v 

Therefore, by (I2.28I ). Assumption (11.121 ) and Assumption (ACO) we infer that 

(2.30) nm sup l<(^W - ^)M«),"W>l = 0, u € n 3 . 

This proves (12.171) . 

It remains to prove convergence in (12. 18b - By Assumption (11.131 ) and the Lebesgue Dominated 
Convergence Theorem there exist a subsequence {Mi}?L 1 of the sequence {m k ] k ^' =1 such that 

( 2 -31) \u Ml ~ u\m 2 {0,T;D(A)) + ! P A^(>(-) - A(-) u (-)\m 2 (0,T;H) < J- 
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Denote 



Pi = 2 + —,p 2 = 2 + 5 ,p 3 = 2. 
oo 

Let us observe that ^7 + ^ + ^ = 1- Therefore, by Holder and Burkholder inequalities, see e.g. 
Corollary iv.4.2 in [22 J, we have 



E 



sup 

te[o,T] 



mm y: <{AMi i^ s) : BkU{s)> d W k ( S ) 



k=l 



\u(s)\ 2 H + e 



(2.32) 



<CE(j ' M 2 £ {s)jZ 

V n fc=l 



< — E 



c 



< {A Ml - A)u(s),B k u(s) > 

T 



1/2 



-ds 



sup ( M £ {s) Y^\B k u{s)\ 2 ] / K^-A) 
^[0,T] V T / Vo 



1/2- 



I/Pi 



)u(s)| 2 ds 
»/2\ 



< — I E sup Mf(s) 

6 V sG[0,T] 



E sup V)(|B fc «| 2 (a)) 
^[o,T] \ k=l 



E / -i)n| 2 (s)ds ) 

V Vo / I 



1/P3 



C 

e 



i/pi 



E sup Mf(s) 

, s G [0,T] 



E sup V(|i? fc n[ 2 ( S )) 



(2+5 )/2\ 



T \ 1/2 

x IE / |(i M| -i)n| 2 (s)ds 







Next we will show that the RHS of (12.321 ) is finite. Notice that the first factor on the RHS of (12.321 ) is 
finite by the Doob inequality and Assumption (11.7I ). Furthermore, the second term is finite by assump- 
tions (11.61 ). (II. 101 ) and (I1.12I ). Now we will find the upper bound for the last term in the product W. We 
have 



E\(A M , - A)u\ 2 (s)ds 



< C\ E\P* Ml AP Ml u- P* Ml Au\ I {s)ds+ ¥,\P* Ml Au- Au\\s)ds 



(2.33) 



f 1 1 
j E\AP Ml u- Au\ 2 (s)ds + J K\Q Ml Au\ 2 (s)ds 



C \um, ~ u 



I " 1 *M 2 {0,T;D(A)) + \Q m I Au \m 2 (0,T;H)J - p 



c 
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where last inequality follows from assumption (12-3 1 b - Combining (12.321 ) and (12.331) we infer that 



(2.34) 



E sup 
te[o,T] 



M £ {s) £ <(M- A)u(s) : B k u(s)> dwk{s) 



k=l 



\u(s)\ 2 H + e 



< 



C 



By Borel-Cantelli Lemma and Doob inequality we infer from inequality (12.341) that there exist Q^, 
P(O0 = 1 such that 



(2.35) 



Me(*)it < {AMl Z A lf ] : BkU{S) > dw k (s) ()./ - x.,, e O,./ [0./1. 



k=l 



\u(s)\ 2 H + e 



Put O' = f] Oj. Combining convergence results (12.23b . (12.261 ). (12.301 ) and (12.351 ) we prove the Lemma 



i=i 



with sequence {M/}^ and space Vt' . 



□ 



Proof of Lemma |Z2] We have by the assumptions (I1.6I ). (11.141 ). (11.151 ) the following chain of inequali- 
ties 



E Q£ A^ (s, u(s)) ds < / E Q£ A £ (w(s)) cis + E, 



n(s)|n|||n| 
\u\ 2 + e 



ds 



< 



J E Q eA e (u(s)) ds + (E Qe y n 2 (s)ds) 1 / 2 (E Q£ 



|it| 2 ||ii|| 2 
lul 2 + e) 2 



ds) 



1/2 



< / E Q£ A £ (u(s))ds + C(E c 



ur + e 



ds) 



1/2 



< / EqeA £ (u 



(s))ds + C{ J E Q eA e (u(s)) - \ds) l/2 . 



Therefore, it is enough to estimate from above the term EqeA £ (u(s)). Because of the assumption (11.7 
we have only to consider the following function A £ (u(t)), t > 0, where 



{{A-\Y,BtB k )u,u) - 

T / \ k=l (Au,u) _ 

A e {u) = LJ2 | = 732— , ueV. 



\ur + e 



We will prove that 
(2.36) 



supE(Q£A £ (ii(£)) < oo. 
t 



Since we cannot directly apply the Ito formula to the function A e we will consider finite dimensional its 
approximations. 

For this aim define function A^{u) := \3^) , u G H. Then, by the Lemma |A. 101 applied with 
C = An, A^ is of C 2 class and it has bounded 1 st and 2 nd derivatives. By the Ito formula and Lemma 
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lA.lOl we have, with u = u(t) on the RHS, 



dA^tu(t)) - ^' nU,U " ) dt \ 2 ^NU,du) 2(A N u,u)(u,du) 
£ \u\ 2 + e \u\ 2 + e (|u| 2 + e) 2 



+ £ 



/ {A N B k u,B k u) 4(A N u,B k u)(u,B k u) 



1 \ 



\u\ 2 +e (\u\ 2 + e) 2 



(A N u,u)\B k u\ 2 4(A N u,u)(u,B k u) 2 \ 
{\u\ 2 + e) 2 (|u| 2 + e) 3 J 

Because u is a solution of problem (11.31 ) we have, still with u = u(t), 

~ 2(i jV n,An + F(t,n)) 2(1^, An + F(t, u)) 
d^{u{t)) = + dt 

(2.37) + + f <^*f dt-f (A^l^f at 

\u\ 2 + e ^ |u| 2 + e ^ (|u| 2 + e) 2 



(|u| 2 + e) 2 ^ \u\ 2 +e ' Wf \u\ 2 + e 

k=l k=l 

Therefore, 



d(M £ (t)^(u(t))) = M£m _^Nu Au + F(t,u)) dt+ 2(A N u,u)(u Au + F(t,u)) ^ 

|it| + e (|w| + e ) 

1 j + |d 2 + £ H 2 + e ^ (H 2 + e) 2 

11 fc=i 11 fc=i u 1 ; 

E 2(A N u,B k u) k 
\u\ 2 + e dWt >- 

k=l 

The above equality (12.381) can be rewritten as 

(A N u,u)(2(Au,u) - £ |S fc u| 2 ^ 



d(M c (t)A*(u(t))) = M e (s) 



/,- -i , (A' N u,u) 



(|-u| 2 + e) 2 |u| 2 + e 

(2.39) - 2 ^ Au ) + yi^fl^)ds + M £ (s)( 

\u\ 2 +e ^ \u\ 2 + e J W V (\u\ 2 e) 2 

k=l 

2(A N u,F(s,u)) 



ds-M E (s)J2 2{ ^ BkU) d W ^ 



\u\ 2 + e J ' ^— ' \u\ z + e 



M £ (s) 



f 2(A N u,u)(Au,u) 2(A N u,Au) 
I (|u| 2 + e) 2 \u\ 2 + e 



2(A N u,u){F(s,u),u) 2{A N u,F(s,u)) | (I'^u) 
(|-u| 2 + e) 2 |it| 2 + e \u\ 2 + e 

fe=i / K=i 
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The drift term on the right hand side of ( 12.391 ) can be written as: 



13 



(2.40) M £ (2Af ^ -2<^^ + 2A^%^ -2%^ + f^ u ' u) 
1 e \u\ 2 + e |u| 2 + e £ \u\ 2 + e \u\ 2 + e \u\ 2 + e 

y _ 2 (A N -A?u,Au) _ 2 (A N -A?u,F(t,u)) + (C N u,u) 
\u\ 2 + e \u\ 2 + e |u| 2 + e 



where Cat = B^An, B^] + A' N (-). The first term on the right hand side (12.401 ) can be rewritten as: 

k=l 



m (A N -A?u,Au) / 2 \A N -A?u\ 2 2 (A N -AN U ,(A-A N )u) 



'u\ 2 + e e V |ti| 2 + e ~ \u\ 2 + e 

2 {A N -ANu,A Nu)< 
\u\ 2 + e 

u 2 \A N -A?u\ 2 2 e(A?) 2 2 (A N -A?u,(A-A N )u) 



\u\ 2 + e "\u\ 2 + £ ' \u\ 2 + e 



Therefore we have 



M £ (t)A?(u(t)) + 2 J M £ (s) j^|2 + £ g rfs + 2g / M ^ 



It 1 2 + £ 











+ / M £ ( S )^^ tfa - / M £ ( S ) V 2 ^ B ^ dw \ s) = (i) + («) + (W) + + 

fc=1 



Next we shall deal with estimating the term (ii) above. By the Young inequality we have, with e\ < i, 



- . , (An- A?u, (A - A N )u) f AAn-ANvI 

f £ (s - e -- ¥ ± —ds < ei / M £ (s)- — I io , ds 

p| + £ J p| + £ 





+ - / M £ (a K I 12 i rfs - 

£l 7 \U\ + e 
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A similar method can be applied to the term (Hi). As a result, we get 

M e (t)A?(u(t)) + / M E {s) = y^' 2 ds + 2e f M mMz~ 
J \ur + e J itr+e 



2 r» /■ P/o ,,M2 



(2-41) < M £ (0)A?(0) + ^ /M £ ( S )M_^d S ^ /^Jf^d. 

£l 7 M + e £2 J M + £ 



+ / M e (s) iC T U) ds-] M £ {s) y %M 
o o fc=1 

Let us estimate the term (7v). By the assumption AC4 and the definition of operator Cjy we have the 
following chain of inequalities: 

\(C N x,x)\ < \(Cx,x)\ + |iW(-)l£(y,y')H x ll 2 + -A)B h x,B k x)\ 

k 

+ \((A N - A)x,yB* k B k x)\ < Ki(-)|x| 2 + (K 2 (.) + \A'(-)\ £( y yl) )\{Ax,x)\ 

k 

+ \ y(AQ N B k x,Q N B k x}\ + \{A N - A)x\\x\ D{A) < iv~i(-)M 2 

k 

+ (K 2 {-) + |i / (.)U ( v,y'))KAc ) a:>| + K^JV - A)x\\x\ D(A) +y\\Q N B k x\\ 2 . 

k 

where assumption (11.81 ) has been used in second inequality and assumption (II . 10b in last inequality. 
Therefore 



(2.42) 



t t t 

f M £ {s)^^jds< J K 1 (s)M £ (s)ds + J(K 2 ( S ) + \A'( S )\ c{vyl) )M £ (s)A?(u(s))ds 





' Mcie) M^K ds y<>( f Mc(a) ^ da f\ f Me(s) ^± ds . 



We will denote 

K 3 (e,N) = [M £ (s / A »-^ 2 ds, 
J \u\ z + e 

o 

* £ \\QNB k uf 

K 4 {e,N) = / MM k i — ds, 

o 



|u| 2 + e 



7 |uf + e 

o 

tf 6 ( S ) = |I'( S )| £( y jW) . 
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Combining (12-4 lb . (12.421) with the assumption (11.151) we get 

\A N -A*u\ 2 , n . }„, x (Af) 2 



\u\ 2 + e 



(2.43) M £ (t)Af («(t)) + y M £ ( S ) ' y 2+ g g 1 <fa + 2e J M £ (s)- 

o o 

t 

<M e (0)Af(0) + y K 1 ( S )M £ ( s )& + ^K 3 (e,^) + (^3(e,A r )^5(e)) 1/2 +^4(e,iV) 
o 

t _ t n 

+ - /(n 2 ( S )+^ 2 ( S ) + K 6 ( S ))M £ ( S )Af(n( S ))d S - [ M £ ( S )^^g^^dw k (s) 

e 2 J ' J ui \W + S 

By assumption (11.131 ) we can find ^5 C CI, P(^s) = 1 such that 

(2.44) K 5 {e) < 00, u E L 2 (0, T; D(A)),u £ Q 5 - 

By Lemma[23]we can find Q' C 0, P(fi') = 1 and sequence {M/} / ~ 1 such that efl'.te [0, T] 

(2.45) lim K 3 (e,Mi) = 0, lim K 4 (e,Mi) = 0, 

lim A £ Il (u(t)) = Xg(t), 

!— >oo 

lim /M £ ( g )y <i ^^ i?fcU(g)> ^(^= fM e (s)y <A f;\ l ? kU{8)> dw k (s). 

l^ooj £K 'f^ Hs)\ 2 H + e J £{ 'f^ Hs)\ 2 H + £ 

Therefore, applying (12.431) with subsequence {Mj}^ and tending Z — » 00 in equality (12.431) we infer 
that 

* _ ~ t ~ 

M £ (t)l £ (t) + ( M e {s) l( ^~ 9 Ae)M|2 ds + 2e [ M £ {s) ds 



:(t)A £ (t) + J M £ (s) ^-^p ds + 2ej M £ {s) 



( t 

(2.46) < M £ (0)A £ (0) + J Ki(s)M £ (s) + £ J (n 2 {s) + tf 2 (s) 





t 



+ K 6 (s))M £ (s)A £ (u(s)Ws- /M^y^^^wG^nO'. 

fc=i 1 1 

Let X £ = (X £ (i))t>o-solution of the following SDE 

t t 

X £ {t) = M £ (0)A £ (0) + J K l {s)M £ {s)ds + ^f{n 2 {s) + K 2 {s) + K 6 {s))X £ {s)ds 







(2-47) - £[ Me {s)*p^dufi(s) 

J \u\ + £ 



fc=l 

Then, we have that a. a. 



t ~ 

2 



(2.48) M £ (t)A £ (t) + / Af £ (s) l(A |2 Ae)M| ds < X £ {t). 

J \u\ z + e 
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Indeed, it is enough to subtract from the inequality (12.461 ) the identity (12.471 ) and then use the Gronwall 
Lemma. On the other hand equation (12.471 ) can be solved explicitly. It's unique solution is given the 
following formula explicitly and we have 

~ f{n 2 (s)+K 2 (s)+K 6 {s))ds 

(2.49) X £ (t) = M £ (0)A £ (0)eo 

f }{n 2 (T)+K 2 (T)+K 6 (r))dT 
+ / e« K 1 (s)M £ (s)ds 

o 

™ f }(n 2 (r)+K 2 (r)+K 6 (r))dT 9(Au,B kU ) , k , , 



fc=i 







Denote 



t * 

,2 



, , -A /" /(n 2 (T)+JC 2 (r)+X 6 (r))dT s 2(Au,B k u) , . 

(2.50) L e (t) = V / M e a \ ' 7 du> fc (s), f > 0. 



o 



fc=i 

Let us show that this definition is correct. It is enough to show that a.a. 



" f 2j(n 2 (r)+K 2 (r)+K 6 (r))dr 2 {Au, B k u) 2 , 

E/^ t M ^)| 2 (| M |2 + e )2 dS< °°- 



k=l 







We have 



" f 2f(n\T)+K 2 (T)+K 6 (r))dT ^ 9 2(Au, B k u) 2 2 J(n 2 (r)+^ 2 (r)+K 6 (r))dr 

t t 

2 f(n 2 (T)+K 2 (T)+K 6 (T))dT 



k=l 





t 



1 /" 2 J 

x sup|M £ (s)| 2 ^sup V I^Sfc^Cs)! 2 / \Au{s)\ 2 ds < Ce ° 

fc-1 

i 

(2.51) xsup|M £ (s)| 2 ^sup(||u(s)|| 2 + |n(s)| 2 ) / \Au(s)\ 2 ds, 

s<t £ s<t J 



and the result follows from assumptions (11.131 ) and (1 1 - 12b . 
Let us notice that formula (12.501 ) can be rewritten as follows 

~ f(n 2 (s)+K 2 (s)+K e (s))ds 

(2.52) X £ {t) = M £ (0)A £ (0)e° 

t t 

f f(n 2 (r)+K 2 (T)+K 6 {T))dT 

o 

By the definition (12.50b . the process L £ is a local martingale. We will show that in our assumptions it is 
martingale. By proposition IA.6l it is enough to show that there exists 5 > 0, K < oo 

E|L^| 1+5 <K,re [0,T]. 
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4 

Let pi, i = 1,2,3,4 be real numbers such that ^ ~ = 1, pi > 1, i = 1, 2, 3, 4. By Burkholder and 

i=i 



Holder inequalities we infer that for t > 0, 

/ t t \ a-.vi,-2 

M« < o- /^ ( " tW) V(.)f E Sff * 



(7 r (1+5) J(n 2 +K 2 +K 6 )d 





t 

sup (M £ ( S ))( 1+<5 ) 
se[o,t] 
t 

2 W^(l+5)/2 



x sup |iu| 2 ds)( 

»6[0,*] fc=l ■/ 





1 

Pi 



, (l+6)piJ(n 2 +K 2 +K 6 )dT ^_ 

< C(e) [ Ee o J (E sup (M e (s)) ( - 1+S ^ 2 )^ 

ae[0,t] 

x (E sup y2\B k u(s)\ {1+s)p3 )^(E( f \Au\ 2 ds) {1+5)pi/2 )^ =: S. 
se[0,t] k=1 J o 

Choose 6 € (0, 4+2S^+k(4+5 ) )• With a special choice of exponents pi, i = 1, . . . , 4: 

« 2 + ^o 2 . / .1 1 1 ,\ 

1 + 1 + 1 + d V P1P3P4/ 



we obtain 



S = C(e) ( Ee o " ] ( E sup M £ (s)( 1+5 )p 2 

se[o,t] 



(2.53) x ( E sup V|%(s)| Wo 3 ( E / |iu| 2 ds 



PA 



Notice that by Assumption (11.141 ) the first factor in the product (12.531) is finite. Furthermore, by Doob 
inequality and Assumption (11.71 ) the second factor is finite. The third factor is finite by Assumptions 
(fl~6l ). (11.101 ) and dl- 12b . The last factor in the product (12.531 ) is finite by Assumption (11.131) . Thus, 
S < oo and hence, the process L e is martingale. In particular, EL e (t) = for all t > 0. 
It follows from (12.521) . (12.481 ) and the Holder inequality that 



i 

re((5o) / n 2 (s) (is 



EM e (t)Ae(i) < EX £ (i) <C(EA £ (0) 1+5o +i||^i|| L 2 (0iT) )E e 



o 

t 

f 

o 



(2-54) < g( " c U' +^ll^iMo,T)jEe 

Therefore, we get the estimate (12.361) from (12.541) and (11.121) . Hence the proof of Lemma l2~2l is complete. 

□ 

Proof of Theorem 1772] As mentioned earlier completion of the proof of Lemma [2~2l also completes the 
proof of the Theorem. □ 
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Proof of Theorem 1731 We will argue by contradiction. Suppose that the assertion of the Theorem is not 
true. Then, because the process u is adapted, we will be able to find to G [0, T), an event R G Tt and 
a constant c> such that F(R) > and 

(2.55) \u(t ,u)\ > c> 0, uj G R. 

Without loss of generality we can assume that F(R) = 1 and to = 0. Otherwise, we can consider 
instead of measure P the conditional measure Fr := ■ 
Suppose that there exists a constant c > such that 

\u(t)\ 2 > c, for all * G [0,T]. 

Then, by taking t = T, we infer that \u(T) | 2 > what is a clear contradiction with the assumption that 
u(T) = 0, P-a.s.. 

Now we shall prove that such a constant exists. 

Let <j) r : R — > R, r > a mollifying function such that r G C^°(R) and 

{1, if |x| > r 
< <fi r (x) < 1, if r/2 < \x\ < r 
0, if \x\ > r/2 

Next let us fix r > and define a process ■i/' r by 

(2.56) i> r {t) = ~<fi r (u{t))\og\u{t)\\ t G [0,T]. 
Now for any r > Owe define stopping time r r as follows 

(2.57) T r (u) = M{t G [0,T] : |u(t,w)| < r}, u G O. 

Note that r r is well defined since u(T) = a.s. and r r < t$ < tq < T if < 5 < r. 
As in the Theorem 1 1.21 we have the following result. 

Lemma 2.4. For every r > the process ip r defined in (12.561 ) is an ltd process and 

tA,T r „ 



/ fc=i 



^ 71 / d \2 ((A-^B* k B k )u + F(8,u),v) 

^ +/ + 

n fe=l 



Combining equality (12.51 ) and definition [2?8] we infer that 

tAr r tf\r r . 

(2.59) V r (i Ar r ) = Vr(0) + ^ A F (a, ds + j J2^^dw k {s) 



Suppose for the time being, that the following result is true. 
Lemma 2.5. In the above framework we have, F-a.s. 



k=l 



TO 



A (s, u(s))ds < oo. 
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T n , . 

Then it follows from Assumption (AC3) that f Yl Lia dw k (s) exists a.e. and 

o fc=i 

(2-60) E| /V^#^^( S )| 2 < Lf l( "',y |2 rfs<oo. 

o fc=1 o k=1 

Therefore we infer that 

log |u(t Ar r )| 2 > log[u(0)| 2 -K,t€ [0,T], 
where iT = / A F (s, u(s)) ds + j Z {jb §w 1 dw k {s). 

k=l m 

Hence 

(2.61) Kt Ar r )| 2 = e lo s(K^)l 2 ) > e iog|«(0)| 2 ^ = e -^| M (0)| 2 . 
Tend r to 0. Therefore, 

(2.62) \u(r )\ 2 > ±e~ K \u(0)\ 2 > 0, 

what contradicts our assumption that u(tq) = and the Theorem follows. □ 

Hence, it only remains to prove Lemma 1231 

Proof of Lemma \23\ We have by the assumptions (AC2), (1 1 - 18b . (11.191) the following chain of inequal- 
ities 

t t t 

J A F (s,u(s))ds< J A(u(s))ds + J ^gjHM ds 



t t t 

< I A(u(s)) ds + (J n 2 (s) ds) l l 2 ( J ds) 1 ' 2 



t t 
< j l{u{s))ds + C{j ^^ds) 1 ' 2 





t 



< / A(u(s))ds + C( A(tt(a)) - \ds) 1/2 





Therefore, it is enough to estimate from above the term f A(s,u(s))ds. Because of the assumption 

o 

(11.71 ) we have only to consider the following function J A(u(s))ds, where 

o 

n 

T, \ k=l {Au,u} 

A(u) = —-75 = 1 , 9 , uev. 

\u\ z \u\ A 

We will prove that 

(2.63) sup A(u(t)) < 00 a.s.. 

te[o,T ) 
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Fix e > 0. By the same argument as in the proof of the Theorem ll.2l we get inequality 

t _ ~ t ~ 

M £ (t)l £ (t) + / M £ (s) ^ A ~ K)u][2 ds + 2e [ M £ (s)j^-ds 
J \u\ z + e J \u\ z + e 

T T 

t t 

(2.64) < M £ (0)A e (0) + J Ki(s)M e (s) ds + £ J (n 2 (s) + K 2 {s) 



t 



+ K 6 (s))M £ (s)A £ (s)ds- I M E (s)f2 2{ f^ BkU} dw k (s),t> r. 

Notice that Ki(s) = 0, s E [0, T] by assumptions of the Theorem. Consequently, for t > r, 

t _ ~ * 

(2.65) M £ (i)A £ (i) + / M £ (s) l{ ." } 1 (to < (M s (r)A £ (r))e' - L*(i). 

J \u\ z + e 

T 

where, 

rfM / |(n 2 (r)+^ 2 (r)+^ 6 (r))dr ™ 2{Au, B k u) , fc . , 

(2.66) L E T (t)= e* M e (s)J2 , |2 dw fc (s),t >r. 

£ fc=i ' n ' 

Let us denote, for i > 0, 



t 



-/(n 2 (r)+_fsr 2 (r)+^6(r))rfr ~ 
S £ (t) = e M £ (i)A e (i), 

-J(n^r)+K2(r)+K a (r))dr f \(A-A £ )u\ 2 

N £ (t) = e ° / M £ s) lv g; 1 da. 

T 

t 

- f(n 2 (r)+K 2 (r)+K e (r))dr 

Multiplying inequality (12.651 ) by e we infer that 

(2.67, m + iV, W < 4(r) - 2 / «" |™«^»* Me ( S ) £ ^ (s) . 

/ tar + e 

fc=i 1 1 

Therefore, by the definition of S £ , we infer that 

(2.68) S £ (t) + N £ (t) < S £ (r) - 2 / S £ (s) V ^ fc (s). 

7 ^ \{Au,u)\ 

Since iV e > 0, by the Comparison Theorem for the one dimensional diffusions, see e.g. Theorem 1.1 p. 
352 in 1 12], we have for t > r, P-a.s. 

(2.69) S £ (t)<S £ (T)e i& . 

Hence 
(2.70) 

= = M F (V) J(n 2 (r)+^ 2 (r)+^ 6 (r))rfr -2/E ( ^ ,gfc " > dw k (s)-2 J f) 1 ( ^-' Bfc " 2 |2 ds 

ew - £V ; M e (t) L J 
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Put r = in the equality (12.701) . Hence, 
(2-71) 

liminf A £ (t) < er e - *=i K ' }l - *=i K ' }l O.T . 

Notice that 

A(t) = liminf A £ (i),t G [0,r ). 

e— >0 

Thus 

~ . . /(n 2 (r)+^ 2 (r)+^ 6 (r))dr -2/ E ^Jgf ^ (.)-2 / ± 'feM'" «to 1(0) . , 

(2.72) A(i)<e- e - *=i K ' >' - *=i K ' }l -^^y , t G [0, r ). 

It follows from assumptions (AC3), (AC7) that RHS is uniformly bounded w.r.t. t G [0, T] a.s. for any 
e > 0. Hence, the result follows. 

□ 

3. Proof of Theorem [TTTJon the existence of a spectral limit 



Proof of Theorem \L7\ Without loss of generality we can suppose that Tq = and A = in the assump- 
tion (I1.6I ). Otherwise, we can replace A by A + A I and F by F — A I. 

Let us begin the proof with an observation that \u(t)\ > for all t > 0. Indeed, otherwise by the 
Theorem 1 1.21 we would have that u(0) is identically what would contradict one of our assumptions. 
Hence the process 

(A u{t),u (t)} 
|u(t)P 

is well defined. Let us also note that A £ converges pointwise and monotonously to A. 



A («(*)) = iTTTTTTa ' 1 - 



Step 1: Proof of the existence of the limit lim A(t). 

Let us fix t > 0. By the same argument as in the proof of the Theorem 11.21 we get inequal- 
ity (11461 ) i.e. P-a.s. 

t „ ~ t ~ 

M £ (t)l £ (t) + / M £ ( g ) l( ^~ 2 A£)u|2 & + 2 g / M £ ( g ) r ^-d S 
7 N +e 7 «r + e 



(3.1) < M £ (r)A £ (r) + J Ki(a)M e (a) ds + - J (n 2 (s) + K 2 {s) 

T T 
t n 

+ K 6 ( S ))M £ (s)A £ (s)ds- f M £ (s) V 2 (f^ BkU > dw k (s),t > r. 

By the assumptions of Theorem 1 1.7 1 (s) = 0, s G [0, oo). Consequently, for t > r, 

t _ ~ t ~ 

M £ (i)i\ £ (i) + / M £ (^) l( ^~ 2 A£)n|2 & + 2 g [ M £ {s)^^ds<M £ {r)l £ {r) 

T T 

* * n 

(3.2) +- /(n 2 ( S ) + K 2 ( S )+iv- 6 ( S ))M £ ( S )A £ ( S )d S - / M^V ^'f^W ^). 

£2 7 7 f— M + e 



fc=l 
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Thus, for t > T, 

t _ ~ t 

~ f \(A-A)u\ 2 ~ f(n 2 (s)+K2(s)+K 6 (s))ds 

(3.3) M £ (t)A £ (t) + / M £ (s) K eJ 1 < M £ (r)A £ (r)e' - L*(t). 

r 

where, 

rf/ , /■ J(n 2 (r)+^ 2 (r)+^ 6 (r))dr " 2(Au,B k u) , fr/ , 

(3.4) i = / e» M £ (a) V \ ' 7 du, fc (s , i > r. 

J T k=l 1 1 

Let us denote, for i > 0, 

-J(n 2 (r)+K 2 (r)+K 6 (r))dr ~ 
S £ (t) = e M £ (t)A e (t), 

-f(n 2 (r)+K 2 (r)+K 6 (r))dr } \(A - A £ )u\ 2 

N £ (t) = e ° J M E ( S y y * J £ 1 ds. 

T 

- J(n 2 (r)+K 2 (r)+K 6 (r))dr 

Multiplying inequality (13.31 ) by e we infer that 

t s 

,2 



-f(n 2 (r)+K 2 (r)+K 6 (r))dr^ f ^^2{Au,B k u) 

k=l 

Therefore, by the definition of S £ , we infer that 



f - (n' l (r)+K 2 (r )+K 6 (r ))dr " 01 All Bull) 

(3.5) S £ (t) + N £ (t) < S £ (r) - 2 e V M e (s) £ ^"'f kU} dufi{s). 

J f-< \u\ 2 + s 



t n 

(3.6) S £ (t) + N e (t) < S £ (t) - 2 [ S £ (s) £ TTT^vT dwk ^- 

J k=1 \\Au,u)\ 

Since N £ > 0, by the comparison principle for the one dimensional diffusions, see e.g. Theorem 1.1 p. 
352 in 021, we have for t > r, P-a.s. 

-2/ t {A ^ Bk ^ dw k (s)-2 J £ li ^ B ^)f ds 

(3.7) S £ (t)<S £ (r)e r *ti K^.«>l it, K^P _ 



Let us observe that inequality (13.71) makes sense when e = 0. Indeed, as already mentioned before, 
\u(t) | > for alii > P-a.s.. Suppose that we can show that there exist sequence {e;}^ 1 , e\ — > such 
that £ EJ (s) — > S'o(s), s G [0, t] P-a.s.. Then we will be able to conclude that inequality (13.71) holds with 
e = 0. 

n t 

Thus it is enough to show that Q = ^2 J — hds)\ 2 + dw k (s) converges to £ t = 

k=io {U{S>1 £ 

n t 

j < kHs)>Hs)> ^ as e o in probability uniformly on any finite interval t G [0, m], m G N. 

fc=io 1 S>1 

Indeed, in this case there exist subsequence {ei}fZv £ i ~ > ® sucn tnat £ £ ' ~ * £ as ^ ~~ * 00 uniformly 
on any finite interval with probability 1 and, therefore, M £l —> Mo P-a.s.. Convergence S £l — > So 
uniformly on any finite interval with probability 1 as I — > oo follow. 

We will show convergence of martingales ^ e to £. in L 2 (Vt x [0, m]) for any m G N. Convergence 

in probability follows from Doob's inequality. Notice that ^ <B \u<^f+e > ^ e 00 ) conver § es a - s - 
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to <Bfc |"^'|" ( - t - >> , t G [0, oo). Indeed, \u(t)\ > for alH > P-a.s.. Furthermore, by Assumption 

fc=i 
(AC3) 

<A / < B k u{t),u(t) > < B k u(t),u(t) > 

' ifeV W(t)\ 2 + e K*)l 2 



E< B k u{t),u(t) > £ 
, : i K*)F+i "RgiT^ 1 ~ W0lt " < °°- 



Hence, by the Lebesgue Dominated Convergence Theorem, ^ < 1^(1^'+ ~~ * ^ < fc |"ffll" as 

fc=i '" l jl £ fc=i |1H J 

e — > in L 2 (f2 x [0, m]) for any m G N. Thus we have shown that inequality (13.71 ) holds with e = 0, 
i.e. that for t > r, P-a.s. 

(3.8) S(t)<S{r)e ' ^ l<A "' u>l KAu ' u>l , 

where 5(t) = Sb(t), = W (t), * > 0. 
Denote 

v T (t) = e T fc=1 fe =i , t > r. 

Let us note that a process (i? r (t))t>T is a local martingale. Moreover it is a uniformly integrable mar- 
tingale. Indeed, in view of the assumption (11.111 ). we infer that 

00 

(3.9) supE[t? T (i) 1+5 ] < Ee r* < oo. 

Hence, by the Doob Martingale Convergence Theorem IA.7I the following limit exists P-a.s. (and in 

L\F)) 

tf T (oo) := lim i? T (i), 

and E$ r (oo) = 1 < cx). Therefore, $ T (oo) < 00 P-a.s.. Furthermore, $ T (oo) > P-a.s.. Indeed, by 
Fatou Lemma 

00 

4 f £|C*(s)| 2 ds 

E [^(cx))' 1 ] < lim E # r (*) < Ee - * < 00. 

t—>oo 

Consequently, by Lemma lA~9l we infer that 

lim t? r (oo) = 1, P-a.s.. 

Thus, 

lim sup S 1 ^) < 5(r)i? r (oo). 

t— >oo 

Since the above holds for any r > 0, we infer that P — a.s. 

limsupiSYt) < liminf S , (r)i? T (oo) = liminf S(t). 

We infer that the following limit exists P — a.s. 

-}{n 2 (T)+K 2 {r)+K li (T))dT 

(3.10) lim Sit) = lim e M (t)A(t). 

t— >oo t— »oo 
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Moreover, since n G L 2 (0, oo), K2 G ^ 1 (0, 00) and Kq G ^ 1 (0, 00), the following limit exists P — a.s. 

t 00 
- f(n 2 (T) + K 2 (T)+K 6 (T))dT - f {n 2 (T) + K 2 (T)+K 6 (T))dT 

(3.11) lim e = e > 0. 

Furthermore, from Assumption (AC3) it follows that (Mo(i))t>o is uniformly integrable exponential 
martingale and therefore "as above" exists P — a.s. 

(3.12) M (oo) := lim M (t) + 0. 
Combining (13.101 ). (13.111) and (13.121 ) we infer that the following limit exists P-a.s. 

(3.13) A(oo) := lim A(t). 



t^oo 



□ 



Step 2: Proof that A(oo) G a (A). 

We will need an estimate for N £ (t), t > r. Denote 

t n 

R T (t)=2 / 2^ - rfw (*),*> t. 

^ ^ |(Au(s),u(s))| 

Let us observe that the process R T martingale in the formula (I3.6I ). The formula (13.61) can be rewritten 
as follows. 

f 

(3.14) S £ (t) < S £ (t) - N £ (t) - J S £ (s)dR T (s). 

T 

Denote 

* T (t) = e ^(*)+3W(*), t> T . 

By the Comparison Theorem for the one dimensional diffusions, see e.g. Theorem 1.1 p. 352 in |[T2l . 
we have for t>r, 

t t 
S £ (t) < yjfi(s e (r) - J * T (s)dN £ (s)) = -N £ (t) + ^ + -±-^1 N £ (s)d* T (s) 

T T 
t t 

(3.15) _Ar £ (t) + ^|| + _L_( j N £ (s)* T (s)dR T (s) + j N £ { S )^ T {s)d(R T ){s)). 

T T 

Also by the assumption (11.61) with A = we have that S £ (t) > 0, t > r. Thus, we infer from (13.151 ) that 

t t 

(3.16) N £ (t) < ^ + JL^( j N £ (s)* T (s)dR T (s) + J N £ (s)* T ( S )d{R T )(s)). 

T T 

Denote K £ (t) = N £ (t)^ T (t), i > t. Then we can rewrite (13.161) as follows 

t t 

(3.17) K £ (t) < S £ (t) + J K £ s dR T (s) + J K £ s d{R T )(s), t > t. 

T T 

Applying the Comparison Theorem we have that 

(3.18) K e {t) < S e (r)9 T (t), t > r. 
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Consequently, we have an estimate for N e : 

(3.19) N £ (t) < S £ (t), t > t. 
We infer from (l3~T9l that P - a.s. 

(3.20) lim NM) < S e M. 
i.e. P — a.s. 



oo 

- J (n\r)+K 2 (r)+K (i {r))dr f \(A - A £ )u(t)\ 2 - f(n^T)+K 2 (r)+K 6 (T))dr~ 

(3.21) e o / MJs lv , , ; Wl ds < e ° A e (r . 

J \u\ z + e 

T 

As we have already mentioned \u(t)\ > 0, t > 0. Hence the right hand side of inequality (13.211 ) is 
uniformly bounded w.r.t. e. Therefore, by Fatou Lemma P — a.s. 

oo „ 

0.22, f^ ^-y x, 

J \ u \ s )\ 

T 

Let ip : R 3 t i— ► t^St G H. It follows from (13.221 ) that there exists sequence {tj}°^ =1 : t 3 • — > oo 

as j -> oo and (A - A(tj))if}(tj) -> in iT. Therefore, by J3T31) = (A - A(oo))-0(i/) -> 
in V as j -> oo. If A(oo) £ cr(A) then (A - A(oo))" 1 G £(F', V). Since — >• in V we have 
ip(tj) = (A — A(oo))~ 1 /ij — > 0ini7. This is contradiction with the fact that \ip(i)\ = 1- This completes 
the argument in Step 2. □ 



The proof of Theorem ll.7l is now complete. □ 

4. Applications and Examples 
Now we will show how to apply Theorems 11.21 and 1 1 . 7 1 to certain linear and nonlinear SPDEs. 

4.1. Backward Uniqueness for Linear SPDEs. We will consider following equation: 

n n 

(4. 1) du + (Au + F(t)u) dt + ^2 B kU dw\ = f dt + ^g k dw^, 

k=l k=l 

where / G M 2 (0,T;V), g G M 2 (0, T; D(A)) and the operators A, B k , k = 1, . . . , n satisfy the 
same assumptions of Theorem 1 1.21 We will suppose that F G L 2 (0, T; C(V, H)). Then, we notice that 
assumption (11.151) is satisfied with n = |-^(0 IjC(V,^0 ■ Applying Theorem 11.21 we have the following 
result: 



Theorem 4.1. Let u\, u 2 be two solutions of (14.11 ), such that for some 5q > 
(4.2) Ul ,u 2 £ M 2 (0,T;D(A)) Pi L 2+So (n,C{[0,T];V)). 

Then ifui(T) = u 2 (T), F-a.s., u x (t) = u 2 (t), t G [0, T] F-a.s.. 

Proof. Denote u = u\ — u 2 . Applying Theorem ll.2l to the process u we immediately get the result. □ 



Example 4.2. Assume a ij ' G C^([0,T] x R n ), i,j = l,...,n and b k ,c,Q : [0,T] x R n -> R, 

A; = 1, . . . ,n, I = 1, . . . ,m are measurable functions. Denote = - =1 . Assume that the 

following inequalities are satisfied 

Cil < A < C 2 1, for some < Ci < C 2 < oo, 
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T 

J \d t A \ds < C 3 I, for some C 3 > 


sup y> fc (V)| + |c(V)l GL 2 (0,T). 

k 

and 

cj GL°°([0,T] xr),Vc, G L 1 (0, T; L°°(IR n )), Aq G L 2 (0, T; L°°(lR n )). 
Then the equation 



!=1 



where stochastic integral is in Stratonovich sense, satisfies conditions of the Theorem 14. 1 1 Indeed, we 
have in this case that 



F = L 2 (IR n ),1/ = J ff 1 ' 2 (M n ) 



Example 4.3. Assume 6fc,c, cr^ G C t °^([0,T] x M n ), fc = 1, ...,n and following inequalities are 
satisfied: 

sup ^|W fc (V)j 2 GL°°(0,T), 



sup y>j|,(V)| + |c(V)| GL 2 (0,T). 



Then the equation 



du = (^Au + b k (t, 0^ + c(f, > + + ^ (^(*, 0^ + 0k) ° rfw* . 



where stochastic integral is in Stratonovich sense, satisfies conditions of the Theorem 14. 1 1 Indeed, we 
have in this case that 

A = -A, F(t) =-J2 h(t, -)g^- c(t, -),B k = a k (t, -)^-, 

F = L 2 (M n ),y = i/ 1 ' 2 (R n ). 
We need to check only assumption d 1.8b . Other conditions are trivial. We have 

J2([AB k ]u,B k u) = E/^^(^^- A (^))^ 

= J2 f \V°k\ 2 \-^\ 2 dx < sup VlVcjfc^OPlMI 2 . 
The existence of a regular solution has been established in ll20l . 

Remark 4.4. Instead of the Laplacian one can consider a second order time dependent operator A(t) = 
a lJ (t) Qx Q x where matrix a = (a tJ ) : [0, T] — ► W 1 is uniformly (w.r.t. t) positively definite. 



BACKWARD UNIQUENESS FOR PARABOLIC SPDES 27 

Example 4.5. Let H be the real separable Hilbert space, A : D(A) C H — > H be a strictly negative 
linear operator on H; V = D((— A) 1 / 2 ) be the Hilbert space endowed with the natural norm. Identify- 
ing H with its dual we can write V C H C V . Let also B : V x V — > V' be a bilinear continuous 
operator and 6^ € E, fc = 1, . . . , n are given. Assume that B satisfies 

(4.3) \B{u,v)\ < C\u\ 1/2 \Au\ 1/2 \\v\\,u G D(A),v G F 
and 

(4.4) \B(u,v)\ < C\u\\v\ D{A) ,u(£ H,v G D(A). 
Then equation 



d-u = (Au + B(u,u sta t(t)) + B(u stat (t),u))dt + o (iu> 



A- 

f 

fc=l 



where u stat G L 2 (0, T; D(t4)) P-a.s. satisfies conditions of the Theorem 1 1.21 Indeed, it is enough to 
put 

A = A, F(t) = B[u stat {t), ■) + B(;u sta t(t)), B k = b k - 

In particular, in this scheme falls linearisation around solution u s t a t of two dimensional stochastic 
Navier-Stokes equation with multiplicative noise (see [6]). 

4.2. Backward Uniqueness for SPDEs with a quadratic nonlinearity. Assume that the linear oper- 
ators A, Bk, k = 1, ... ,n satisfy the same assumptions as in the Theorem 11.51 B G C(V x V, V'), 
R G C(V, H) and 

(4.5) |-B(u,t;)| + \B(v,u)\ < lT||u|||At;|, u£V,v £ D(A). 

Assume that / G L 2 (0, T; H) and G M 2 (0, T; H), k = 1, . . . , n. Consider the following problem. 

n n 

(4.6) du + (Au + B(u, u) + R(u)) dt + 'Y] B k u dw% = f dt + ^ g k dw%, 

k=l k=l 

Applying Theorem 1 1.51 we have the following result. 

Theorem 4.6. Suppose that u\, U2 are two solutions of (14.6b . such that for some 5q > and i = 1, 2, 

(4.7) Ui e M 2 (0,T; D(A)) n L 2+5o (n,C([0,T];V)), 
IfuxiT) = u 2 {T), F-cls., then for all t G [0, T], u^t) = u 2 (t), F-a.s.. 

Proof of TheoremWM We denote u = u x - u 2 . Then u G M 2 (0, T; D(A)) n L 2+5 °(n, C([0, T\; V)) 
and u is a solution to 

n 

(4.8) du + (Au + B(ui,u) + B(u,u 2 ) + R(u)) dt + *^B k udwt = 0. 

k=i 

By the assumption (14.51 ) it follows that 

\B{ui, u) + B{u,u 2 ) + R(u) | < [||22|| jC(V ; H) +iir(|A'u 1 | + |Au2|)]||«|| 

< C[\\R\\ C (v,H) + K(\Aux\ + |i« 2 |)]H|. 

Therefore, by (14.71 ) we have that n = \\R\\c(v,H) + -^(l^il + 1-^.^2 1) satisfy assumption (ll.19Hl.18l 
and Theorem 11.51 applies to u. □ 

The stochastic Navier-Stokes equations with multiplicative noise fit into the framework described 
above. 
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Example 4.7. Let d = 2 or d = 3, H = {/ G L 2 (T d ,R d ) : div/ = 0}, V = W l ' 2 (T d ,R d )nH, v > 0, 
A is a Stokes operator, P : L 2 (T d ,R rf ) — > i? is a projection on divergence free vector fields, B k € 
L°°([0,T] x T d ,£(R d ,R d )), k = 1, . . . ,n, {W t fe }^ =1 is a sequence of independent one dimensional 
Wiener processes on (O, J 7 , {Tt }t>o, I 1 )- Assume also that 

n 

\Bk\L°°([0,T]xT d ,C(R d ,R d )) + l^ 7 -^fclL°°([0,T]xT d ,£(R d ,R d )) + l^-Bfc Il°°([0,T] xT d ,£(M d ,R d )) < °°- 

fc=l 

Let also / G L 2 (0,T;H) and g fc G .M 2 (0, T; = l,...,n. Assume that ui,u 2 G 

M 2 (0, T; D(A))n L 2+5 ° (J2, C([0, T];V)) are two solutions of equation: 

n 

(4.9) du(t) + P((u(t)V)u(t))dt = {uAu(t) + f(t))dt + J2(PB k (t)u(t)+g k (t))odW t k ,t G [0,T], 

k=l 

where stochastic integral is in a Stratonovich sense. Then the assumptions of Theorem l4.6l are satisfied 
and backward uniqueness holds i.e. if u\{T) = 1*2 (T), P-a.s., then for all t G [0, T], = ua(*)> 

P-a.s.. 

4.3. Existence of the spectral limit. 

Example 4.8. As it is usual, we denote by T n the n-dimensional torus. We put Let H = L 2 (T n ,R Tl ) 
and V = W 1 ' 2 (T n ,R n ). Assume that u G M 2 (0, T; VF 2 ' 2 (T n , M n )) n L 2+s °(n,C{[0,T];V)) is a 
unique solution of equation: 

n o afc n a k n n 

i,j=l 1 3 1=1 1 1=1 m,l=l 

u(0) = tio G V, k = 1, . . . , n 

Here we assume that matrix A = (a l i (x))2j =1 , x G T n is strictly positive definite, a* J G L°°(T n ), 
i,j = 1, . . . , n; h™ 1 G L°°([0,oo) x T n ), k,m,l = l,...,n, 



00 



( I ^(^) (T n ) I ^^(^>) (T n ) I ^^(^) lx,o° fx™) )^ ^ 







00 

/< 



(|fe(s)U°°(T«) + |c(s)| L oo (T «))ds < OO. 



Then assumptions of the Theorem 1 1.7 1 are satisfied and the spectral limit exists. 

Appendix A. Some useful known results 

We present here, for convenience of readers, some standard definitions, lemmas and theorems used 
in the article. We follow here book [19], appendix C and references therein. 

Definition A.l. A family (fj)jej of measurable functions fj : £1 — ► R is called uniformly integrable if 

( \ 

sup / \fj\dF 
j&J J 



lim 



\ \fi\>M ) 
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Definition A.2. An increasing and convex function ip : [0, oo) — > [0, oo) is called a uniform integrability 
test function if and only ifip is and 

lim = oo . 

x^oo x 

Example A. 3. ip{x) = x p ,p > 1, x > 0. 

Theorem A.4. The family {fj)je.J of measurable functions fj-.Q^R is uniformly integrable if and 
only if there is a uniform integrability test function ip such that 

sup ( ll>(\fj\)dP <oo. 
jeJ J 

Theorem A.5. Suppose {fk}k>i is a family of measurable functions fk '■ Q — > R such that 

lim f k (uj) = f(uj), for a.a. to. 

Then the following are equivalent: 

(1) The family {fk}k>i I s uniformly integrable. 

(2) / G L 1 (P) and fk converges to f in L 1 (P). 

Now we will give two applications of the notion of uniform integrability: 

Proposition A. 6 (Ex. 7.12, a), p. 132 of [19]). Suppose that {Zt}te[o : oo) iJ a local martingale such that 
for some T > the family 

{Z(t) : r < T, t is a stopping time} 
is uniformly integrable. Then {Zt}t^[o,T] w a martingale. 

Theorem A.7 (Doob's martingale convergence Theorem). Let {Z t }t>o be a right continuous super- 
martingale. Then the following are equivalent: 

(1) {Zf}t>o is uniformly integrable. 

(2) There exist Z £ L l {P) such that Zt — > Z P-a.e. and Zt — > Z in L 1 (P). 
Proposition A.8. Ift € [0, T] and H G L x (0, T u P), then 

(A.l) E Q sH = EM £ (T)H = E \E(M e (T)H\F t )] = E [HK(M £ (T)\T t )\ = EM £ (t)H. 
Lemma A.9. Assume that function 9 : R + x R + — > R + satisfies properties 

(i) 6>(s,t) = O(s,u)0(u,t),for any s,u,t € R + . 

(ii) 6»(s, s) = I for any s G R+ 

(iii) There exist finite limit 9(s) = lim 0(s, t), s G M + . 

t— >oo 

(iv) There exist uq G M + ^mc/j rtaf 0(ito) > 0. 
Then lim 0(s) = 1. 

s— >oo 

Proof. By property (i) applied with s = s,u = t,t = s and property (ii) we infer that 

(A.2) 9(s,t)9(t,s) = B(S,s) = l,S,t G R + . 

Therefore 9(s, t) > for all s,tel + and 

(A.3) 9(s,t) = 9(t,s)~ 1 ,t,s G R + . 

By properties (i) and (iii) we deduce that 

(A.4) 9{s) = lim 9(s, u)9(u, t) = 9(s, u)6(u), s,u G R + . 

t— »oo 

Therefore, by equality (IA.4I ) with u = uq and property (iv) we infer that 
(A.5) 9(s) = 9(s, uq)9(uq) > 0, s G R + . 
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Combining equalities (IA.3I ) and (IA.4I) we get 

(A.6) e(s) = -^-u,s€ 

d[u, s) 

Hence, by identity (IA.5I) we infer that 



□ 



r at \ v °^ 9 ^ 1 
hm 9(s) = hm — = — - = 1. 

s^oo s-^oot)(u,S) t){U) 

Lemma A.10. Let H be Hilbert space, C G C{H, H), e > 0, F : H — > R jj defined by 

77ien i 7 is of C 2 -class, the 1 st arac? 2 nd derivatives of F are continuous bounded functions and they are 
given by the following formulas: 

2{CxM) 2(Cx,x){x,h 1 ) 



(A.7) F'(x)h 



(A.8) F"{x)(h u h 2 ) = 2 



\x\ 2 + e (\x\ 2 + e) 2 
x { Chi,h 2 ) _ ^ (Cx,h 1 )(x,h 2 ) 
\x\ 2 + e {\x\ 2 + e) 2 



{Cx,h 2 )(x,hi) ^ (Cx,x){h 2 ,hi) 

(|x| 2 + e) 2 (\x\ 2 + e) 2 

(Cx,x){x,hi)(x,h 2 ) 
(\x\ 2 + e) 3 

Proof of Lemma \AJ0\ Proof is omitted. □ 
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